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Thermal-Mechanical Response of Nearly Opaque Materials
Exposed to Continuous Radiation

JOHN T. HOWE*
NASA Ames Research Center, Moffett Field, Calif.

A theoretical study of thermal stresses in a spherical shell exposed to an external uniform
radiant and connective heating flux considers the effects of two mechanisms of energy trans-
port in the material; absorption of radiant energy in depth and internal heat conduction.
Stress distributions are obtained applicable to the initial transient heating prior to ablation,
and the case of steady state ablation; showing the effects of geometry, transport properties,
and ambient pressure. Conditions for internal and external spallatioii are derived. Simple
expressions for thermal stresses are presented for special cases. The maximum thermal
stress for ablating graphite-like materials are presented for incident radiant fluxes up to 250
kw/cm2. An estimate of spall thickness is made. Some expressions for temperature profiles
in materials are presented in the Appendix—including the case of a transient nonablating
slab of finite thickness exposed to convective heating and nongray radiation (with arbitrary
spectral detail); having internal conduction, internal spectral absorption and multiple in-
ternal reflections.

Nomenclature

a = inner radius of spherical shell
b = outer radius of spherical shell
cp = specific heat of solid
E = modulus of elasticity of material
/ = index in Eq. (A3)
hg(Tw) = enthalpy of gas at the wall temperature
h(T0) = enthalpy of solid before heating
A/i = enthalpy of sublimation per molecule
i = index in Eqs. (18) and (19)
kc = thermal conductivity of material
kv — monochromatic linear absorption coefficient in material
k = Boltzmann constant
I = thickness of slab
m = defined by Eq. (26)
niA = molecular weight
m = Langmuir sublimation rate
M = number of spectral bands
n = index in Eq. (2)
p = ambient pressure
Po = constant in Eq. (41)
pve = equilibrium vapor pressure
qi = incident radiation flux
qvi = incident flux of frequency v
qv = radiant flux at frequency band v in material at the ex-

posed surface
qw = convective heating rate
r = radius
rv = spectral reflectivity within material
Rv = external spectral reflectivity of exposed surface
t = time
T = temperature
v = surface recession rate
x = (bo — r) defined in Fig. 1
X = subliming species [Elq. (46)]
y = (b — r) defined in Fig. 1
a = coefficient of thermal expansion
13 = defined by Eq. (12)
7 = defined by Eq. (20)
F = ratio of ultimate compressive strength to ultimate ten-

sile strength in the circumferential direction
dr — depth of peak radial stress below exposed surface
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&t = depth of penetration of ultimate circumferential com-
pressive stress below exposed surface

A = shell thickness
e = surface emissivity
K = sticking coefficient
fj, = Poisson's ratio
v = index in Eq. (1); spectral frequency band
P = density of material
<T = stress, also Stefan-Boltzmann constant

Subscripts
a = at the rear face
b = at the exposed face
c = conductivity
g = gas
i = incident
0 = conditions before heating
r = radial direction
t = tangential or circumferential direction
w = conditions at the wall

Introduction

THE object of this study is to obtain approximate thermal
stress predictions for materials exposed to heat fluxes up

to hundreds of kilowatts per square centimeter and to assess
the influence of geometry, transport phenomena, ambient con-
ditions, and phase change on the stresses. Hopefully the re-
sults will provide insight for improving survivability for very
high-speed entry into planetary atmospheres (the Jovian
Planets in particular). Moreover, laboratory simulation of
very high-speed entry will probably involve high power con-
tinuous wave laser facilities, and simple estimates of thermal
effects may be useful in planning and interpreting experi-
ments.

A number of analyses of elastic phenomena in semitrans-
parent solids exposed to short pulse high power laser radiation
have been presented over the past few years.1"10 These in-
clude internal elastic explosions, implosions, and fracture;
and the early formation of stress waves prior to the onset of
ablation. These analyses are characterized by a time scale
that is large enough that a temperature field can be defined
in the material, but on the order of stress wave development
time, and are formulated in terms of dynamic thermoelas-
ticity theory. Penner and Sharma5 define five characteristic
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where

Fig. 1 Hollow
sphere configura-

tion.

times and provide the following estimates for "glassy" mate-
rials: temperature equilibration time ^sec, ablation time
^lO"1 sec, stress wave time ^40~7 sec, temperature defini-
tion ^10~14 sec, and energy deposition time 10 ~8 sec (for Q
switched lasers).

With the advent of high power continuous wave lasers,11

and their potential use in atmospheric entry simulation, we
become interested in the longer time scales—after the initial
stress waves, but prior to and during ablation. That is, we
are concerned with times much larger than 10 ~7 in the Penner
and Sharma ordering. This at once simplifies the problem in
that static thermoelastic concepts can be employed (we ne-
glect thermally induced structural vibration). In general, we
are interested in the period of transient heating prior to abla-
tion (<10~1 sec) and in quasi-steady-state ablation (^sec).

Analysis

Consideration of a'hollow sphere uniformly heated over the
external surface allows simplification of the stress prediction
because of symmetry, and still retains some of the features of
interest from the entry viewpoint.

Energy Transfer

Figure 1 illustrates a hollow sphere exposed to uniform ex-
terior convective heating qw and incident radiative flux #; of
arbitrary spectral distribution. Before exposure, the mate-
rial was at temperature TQ and outer radius 60, and subse-
quently is of instantaneous outer radius b(t) as the exposed
surface recedes at the rate v(t) because of ablation.

Within the material, energy is transferred by conduction
and radiation. The radiative flux just inside the exposed
surface is

M (1)
where qv is the radiant energy flux in the frequency band v of
arbitrary bandwidth. At a depth y from the exposed face
this flux has become (b2/r2)qve~kvy. At the inner face,
(b2/a2)rvaqve~kv(b-a^ is reflected back toward the exposed
face, at which point the flux rvbryaqve~2kv<^b~a^ is reflected in-
ward again and so on. That part of the flux not reflected at
either surface is considered transmitted through the surface
and lost from the system.

An energy balance on the element of thickness dr at radius
r yields the differential equation

vx _ /vc x v
~^~~ — — — ~— i r ± jOt pcp r dr2

(kv)e ~kvr

n = 0,2,4

l,3,5
(2)

(3)

The first summation in Eq. (2) is over all M spectral bands,
the last corresponds to rear face reflections, and the middle
accounts for internal front face reflections.

Solutions of the one-dimensional slab form of Eq. (2) sub-
ject to convective and radiative heating are presented in the
Appendix. The resulting expressions are far too awkward
for present purposes, so we simplify the problem as follows.
The one-dimensional slab approximation given by Eq. (Al)
can be used if we limit our consideration to

kva » 2a/r (4)

which means that the optical path length is much less than r.
Moreover, we will only be concerned with the absorption of

the incident beam and disregard internal reflections, so that
a restraint is imposed on the thickness (b—a) to assure effective
absorption of the radiant energy, i.e., be nearly opaque. That
is

which requires that

b/a > 1 + 2.3A,a

(5)t

(6)

For effective retardation of heat transmission by conduction,
relationship (6) applies with kv replaced by pvcp/kc. The
energy Eq. (2) thus becomes

kc

Transient heating

For early time, before ablation begins, v = 0, and b — r is x
in Fig. 1. Further simplification is achieved by neglect of
conduction, which is reasonable for times much less than the
"conduction time"12

t « pcp/kckv
2 (8)

at all wavelengths, which actually corresponds to a conduc-
tion flux much less than the radiative flux.

For a material heated only by internal absorption of radi-
ation, Eq. (7) integrates to

M i.
T(x,t) = T0 + £ — e-kvx (9)

In the absence of ablation, the incident radiative flux is
M n (f\

,-i <! -
(10)

where Rv is the reflectivity of the front face in the frequency
band v.

Steady-state ablation

If the one-dimensional slab approximation is made for heat
transfer by internal conduction, Eq. (7) can be replaced by
Eq. (A9). For the steady state, qv and v are approximately
constant, b—r = x—vt = y, and Eq. (A9) can be trans-
formed to coordinates fixed on the receding surface [Eq.
(A 10) ] and integrated to obtain

T(y) - T0 = (Tw - TQ)e~^y +
Mz o~kvy (1 _ e-h*«»-i>) (11)

t The notation qv(a) refers to the radiative flux in the material
at the inner face, and is used here only.
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where TQ is the temperature of the unheated material far from
the exposed surface and

= pvcp/kckv (12)

A special case affords simplification: the radiation is ab-
sorbed at the surface (&„-*• » ) and energy is conducted in-
ward so that the temperature profile becomes

[T(y) - To]/(Tw - To] = txp(-pvcpy/kc) (13)

Another special case leads to the same form. That is a non-
conducting material in which radiation is absorbed both at
the surface and internally so that the temperature profile is

T(y) - n =
internally

absorbed bands

For monochromatic internal radiation
(T(y) - T0)/(TW - T0) =

(qv/pvCp)e-k»y (14)

(15)
which is the same form as Eq. (13) . For this "pure radiation"
case, the required energy for the phase change is obtained by
surface absorption of one or more bands of the incident radi-
ative flux in the absence of internal conduction. The tem-
perature profile for either special case [Eq. (13) or (15)] is
shown in Fig. 2 where ki is either pvcp/kc or kv, respectively.
Incidentally, the same profile also corresponds to the transient
case before internal conduction or ablation are important as
can be shown by Eq. (9) specialized to monochromatic radi-
ation. This profile will be used later to typify all three special
cases, whereas profiles corresponding to Eq. (11) will be gen-
erated for the more general case of energy transfer by com-
bined internal absorption and conduction.

Thermal Stress

General

Because of symmetry, the only nonzero stress components
due to thermal effects in the hollow sphere are the radial and
circumferential tension (or compression) given by13

£p4 r (T - w -3(63 - a3) Ja

1* fa (T

and
2aE

—
(T ~~ rm(17)

Integration of Eqs. (16) and (17) for the temperature profile
of Eq. (11) with if = 1 (monochromatic radiation) yields the
thermal stresses

2«E a3)

(7,3 _

(kW - 2k£ + 2)

-2)

2) (18)

and

(Tt

4- fe3)
e~k^(W - 2k<2k<a + 2)

2) - Ajt-« (19)

Fig. 2 Temperature profile for three special cases.

where

Ti = qv/(pvcp - kvkc), ki = kv

72 = [(Tw - TQ) - 71], fe = pvcp/kc (20)

Special cases

For the special cases mentioned previously corresponding to
the temperature profile of Fig. 2 the stresses become

<72 =
2aE (Tw - To)

2)

X (63-^^ (kW - 2kid + 2)
- a3) J

(21)

and

aE (Tw - 2k£ + 2)

- «-k(b~a} fr^ (W - ̂  + 2)] (22)
The radial stress 0-2 is required to vanish at r = a and 6 for

an "unloaded" hollow sphere. The tangential stress is a
maximum at r = 6 and is

-k*b
(23)

Simpler expressions apply under restricted conditions. By
virtue of Eq. (6) ki(b — a) > 2.3 and the last trinomial on the
right can be neglected. Further, if kib ^> 2,

<r«(6) = [aE(T. - T

And for very large ki

- /»)][-! + {363/(63 - a

- T0) = -

(24)

(25)
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RADIAL STRESS
For very large kiam, the maximum normalized radial stress

I03

io4

TANGENTIAL STRESS PROFILES

- THIN SHELL APPROXIMATION
— — — EXACT

Fig. 3 Stress profiles; b/a = 1.02.

Thin shell approximation

For the special temperature profile of Fig. 2 let

6 = a(l + m)
where

m2 « 1

In accord with Eq. (6)

= kiA > 2.3

(26)

(27)

(28)
where A is the shell thickness. The thermal stress com-
ponents Eqs. (21) and (22) become

2aE(Tw - T0)

and

'-=aTi/o)[(2+^xyi

(!-/«)
1 XV "1

(29)

*-r/a)

(30)
The maximum radial stress crr occurs at

r/a = 1 + m - (l/kta) ln(fc,-am/[l - 2m]) (31)
or at a depth of

dr/a = (l/fcio) ln(A;t-am/[l - 2m]) (32)
below the exposed surface.

s
err== ov(l - - m]/k<a) (33)

Similarly, the maximum circumferential stress occurs at r = b
(as shown below) and is

&t(b) = [(l/kiam) - 1] (34)
For large kiam, the limit of the normalized stress is thus

0"*max = — 1 (35)

At the inner surface (r = a), the normalized tangential
stress is

(a) = [(I + m)/kiam — (36)

Within the constraints of Eqs. (27) and (28) the stress at a is
tensile while that at b is compressive and

\<rt(b)/crt(a)\ (37)

The first term in the parentheses of Eq. (36) dominates.
Neglecting the last term and use of Eq. (34) leads to

(rt(b)/at(a) « (1 — ki + m) (38)

If the ratio of ultimate compressive to ultimate tensile
strength in the circumferential direction is F, failure will occur
on the front face if

(1 - ktam)/(I + m) > F (39)
or otherwise on the rear face.

Application

Transient Heating

For early times before conduction is important, we consider
the stresses associated with the temperature profile of Fig. 2
which are shown for a thin shell in Fig. 3. Normalized as
they are, these stresses also correspond to two special steady
ablation conditions mentioned previously: wherein radiation
is absorbed entirely at the surface and heat is conducted inward
and ki is pvcp/kc] or where conduction is unimportant and one
or more bands of radiation are absorbed at the surface-provid-
ing energy for the phase change, and one band of frequency v
is absorbed internally so that ki is ky. The value kva = 100
violates the condition (28) slightly, and the corresponding re-
sult without the thin shell approximation is shown by the
dashed curves. For a high value of kid (strong absorption

1.2

=Uiu- L a

1.01
r/a

1.02

Fig. 4 Transient radial stress profiles; thin shell approxi-
mation, m = 0.02.
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Fig. 5 Peak radial stress location; m = 0.02.

for ki = kv) the highly stressed region is near the exposed face,
with the interior virtually unstressed.

The radial stress profile has been replotted in Fig. 4 re-
normalized by use of Eq. (9) with x = 0 to show a transient
feature; that at a given instant, the radial stress is higher for
stronger absorption and peaks closer to the exposed face r =
b. The depth of the peak radial stress from the exposed sur-
face is given by Eq. (32) and is shown in Fig. 5 while the mag-
nitude of the peak radial stress is shown in Fig. 6.

During the initial exposure to a constant radiative flux,
Eqs. (30) and (9) indicate that surface temperature and com-
pressive circumferential thermal stress rise linearly with time.
The shape of the ultimate compressive strength curve gives
rise to the possibility of intermittent spallation of the exposed
surface. That is, if the ultimate compressive strength rises
with temperature and has positive curvative (e.g., Ref. 14),
the surface could begin to spall and then stop before sig-
nificant ablation begins as shown schematically in Fig. 7.
Rhinehardt15 may have observed such behavior experimen-
tally.

Steady Ablation

The mass loss rate is needed for application of the thermal
stress results. For simplicity, we consider the case of subli-
mation without heterogeneous or gas phase reactions. The
modified Langmuir16 sublimation rate is given by

m = pv = Kpve(mA/2TrkTwy'*(l - p/pve) (40)J

Fig. 6 Maximum radial stress; m = 0.02.

J A similar form is obtained if foreign gaseous species are
present as shown by Ref. 17. Moreover, the case of chemical
reactions is readily treated in a parallel manner, but requires a
knowledge of reaction rate coefficients.

STRENGTH
CURVE ~

Oi (b) _ SPALLATION
ENDS

_ SPALLATION
BEGINS

Fig. 7 Transient intermittent spallation.

where the equilibrium vapor pressure18 is

(41)

according to Trouton's rule.
A normalized mass loss rate in a vacuum is defined by

m = (m/Kpo)(27rbh/mA)U* = (42)

and is plotted in Fig. 8. The figure shows that the onset of
significant sublimation occurs at kTw/Ah ~ 0.1, which could
be considered as an approximate sublimation temperature.

An energy balance extending deep into a material whose
outer surface is exposed to convective heating and partially
reflected spectral radiation — which is absorbed at the surface
for some spectral bands and internally for others, yields

M
- qw (43)

An energy balance at the ablating surface yields

surface
absorbed bands

pv[hg(Tw) - hs(Tw)} + eer!ZV (44)

.04

.03

•IE

.2
kTw

Ah

Fig. 8 Ablation rate.
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r/a

Fig. 9 Effect of conduction on stress; kva
3600°K,p = 0.

which combined with Eq. (43) gives

105, Tw

(kc<>T/<)y)w =
internally

absorbed bands

pvcp(Tw - To) (45)

Equation (44) tell us that, in general, energy for the phase
change at the surface can be provided by surface absorption,
convection, and, if necessary, internal conduction so that the
temperature gradient at the surface can be zero, positive or
negative. But if there is neither surface absorption nor con-
vection, then internal conduction, back to the subliming sur-
face, of energy that had been absorbed internally, is the only
mechanism for phase change and (kc&T/dy)w > 0; i.e., the
peak temperature is internal.

On the other hand, Eq. (45) shows that surfaces subject to
convective heating and/or surface absorption of radiation but
with no internal absorption, (kcbT/c)y)w < 0, and the peak
temperature is at the surface.

TEMPERATURE, °Kx ICT3

3.3 3.4 3.5

-1.6

WE -1.4o

c -1.2
>N

-a

k -i-o

0 5 10 15 20 25 30 250
INCIDENT RADIANT FLUX, qy. , kW/Cm2

To illustrate these features, we consider monochromatic
radiation and will drop the spectral summation sign in the
above relations. Equations (40, 43, 18, and 19) are to be
solved for the unknowns pv, qvi, ar) and at if Tw is specified;
and qv is taken to be the left side of Eq. (43) with M = I. If
qvi is specified, Tw is computed.

Moreover, the ablation model is simply

(46)

and some properties akin to those of carbon suffice for illus-
trative purposes; elastic properties of carbon,14 gas molecular
weight of 30, and gas enthalpy about that of C3 (Ref. 19) was
employed; as was the vapor pressure of equilibrium carbon
vapor over graphite obtained from Ref. 20 which matches the
sublimation point of Ref. 21 and the triple point of Ref. 22.
Surface emissivity is 0.8 and the reflectivity is zero.

Results of the computation for the Langmuir limit are pre-
sented in Fig. 9 for strong absorption (kva = 105) showing the
effects of varying the thermal conductivity, kc. The inner
radius a also appears so that the curves are generally useful for
ratios of kc/a as shown. To illustrate, let a be 0.2 cm and the
sphere wall be 2 cm thick. For this example the general
temperature profiles [Eq. (11)] were employed and are shown
at the top.

For the lowest value of ke/a = 0.0216 w/°K cm2, the high
temperature region is close to the exposed surface with the
result that the radial stress profile is essentially zero while the
tangential stress is negligible in the interior but very high in
the thin layer near the exposed face.

By way of contrast, for the high value of kc/a = 2.16 w/°K
cm2 (corresponding approximately to graphite) the entire
thickness of the shell is heated and the peak radial stress is
almost as high as the tangential stress. Note that increased
conductivity has reduced the compressive stress on the ex-
posed face, but increased the tensile stress on the rear face.
If the material were weaker in tension than in compression,
failure would probably occur on the rear face rather than the
exposed surface.

It may be noted that for this example where radiant energy
is absorbed very close to the surface, energy is immediately
available for the phase change, the temperature profiles are
single valued, and the stresses could have been calculated with
the simple temperature profiles of Fig. 2. Note that the
maximum normalized compressive tangential stress is almost
the limiting value — 1 given by Eq. (25) for the special cases.

1.0 r

Fig. 10 Influence of outer radius and heat flux on tan-
gential stress; A = 5 cm, p/pve = 0, surface absorption.

/3vcpci/kc OR

Fig. 11 Tangential stress on exposed face.
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It will be seen subsequently that for deep penetration of radi-
ation, the situation is altered significantly.

More generally, the influence of the incident radiant flux
on the tangential stress at the exposed surf ace is shown in Fig.
10 for a sphere ablating in a vacuum. Absorption is essen-
tially at the surface. The two solid curves are for a given
heat shield thickness (5 cm) with different outer radii. For
radiant fluxes up to about 30 kw/cm2, the small radius has
significantly lower stress than the larger radius, but the dif-
ferences become unimportant at very high heating rates as
shown by the figure. The thermal conductivity for both
curves was kc = 0.432 watt cm/cm2 °K corresponding ap-
proximately to graphite. The upper dashed curve is the re-
sult if thermal conductivity is allowed to approach zero and
represents an upper limit on the stresses. The difference be-
tween the dashed curve and the solid curves represents the
stress reduction by internal conduction-very significant for
low fluxes but unimportant for high flux. The upper limit on
the stress is very sensitive to incident fluxes below about 2
kw/cm2, but rises only 5% for fluxes between 30 and 250 kw/
cm2. It is essentially limited by the ablation temperature.

If we use the specialization for surface absorption and in-
ternal conduction, Eq. (23) gives the surface stress which is
normalized and plotted in Fig. 11. As kc/a -> 0, at(b) -* — 1
for any 6/a, which corresponds to the dashed curve in Fig. 10.
For this case, high conductivity tends to reduce the surface
stress. Incidentally, the same specialization applies to the
case of surface absorption of one or more radiation bands and
internal absorption of one band for negligible thermal conduc-
tion as noted previously in connection with Eq. (15), for
which, the abscissa of Fig. 11 becomes kva. The significance
of the figure is that a lower absorption coefficient (deeper
penetration of radiation) reduces the peak tangential stress.

The influence of ambient pressure on the upper limit of
the surface stress (kc/a -> 0) is shown in Fig. 12. According
to Eq. (40), the increased pressure reduces the ablation rate,
so that for a given incident flux, the material ablates at a
higher surface temperature [Eq. (43)] with a corresponding
increase in stress. A reduction in vapor pressure (such as in
Ref. 23) has a similar effect.

The effect of optical properties on thermal stress is shown in
Fig. 13 for a fixed thermal conductivity. The upper set of
curves shows that for strong absorption of radiation (kva =
105), the temperature profile is single valued of the type
shown by Fig. 2. But for deeper penetration of radiation
(kva = 50 or 20), there is an overshoot in temperature so that
the peak temperature is internal rather than at the surface
The reason is that the mechanism for ablation is therma

1.8

i.o
10 20 30

INCIDENT RADIANT FLUX, qu., kW/Cm2

20V /
507 /
105

5 10 MoTl 105 II
r/a

Fig. 13 Effect of optical properties on stress; no surface
absorption or convection, kc/a = 0.216, Tw — 3600°K, p/pv«

energy conducted to the surface from the interior — which re-
quires a temperature increasing inwardly.

It may be noted in Fig. 13 that the deeper penetration in-
creases the radial stress ay. internally, and the tangential
stress at in tension at r = a, and in compression near the ex-
posed surface — corresponding to the temperature overshoot.

The extent of the overshoot in temperature and tangential
stress is shown in the upper part of Fig, 14 as a function of the
internal absorption coefficient. . A buildup of gas pressure in
the internal voids of the material may be expected (but
was not included in the analysis) because of the high internal
temperature. The internal equilibrium vapor pressure would
exceed the compressive tangential stress for (T — T0)/(TW —
TQ) greater than about 1.3 (or kva less than about 80).

Particles

Figures 10 and 12 showed that the tangential stresses exceed
109 dynes/cm2 for incident fluxes of a few kw/cm2 absorbed
at the surface; and for low values of kc/a, the stress is con-
centrated in a thin layer near the exposed surface (Fig. 9).
If the surface stress exceeds the ultimate compressive strength
of the material, one may expect thermomechanical failure at
the surface. We could speculate that the thickness of the
spalled material would not exceed the depth of material
stressed at the ultimate strength. For kj) ^> 2 and e~ fc*A «
1, this depth is approximated by manipulating Eq. (22) and is

Fig. 12 Influence of pressure on surface stress; kc/a —> 0,
surface absorption.

"_!_
kb' aE(Tw -

(47)
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for large kj) that is

(i- (48)

where a negative number is to be substituted for atuU) and kl
is pvcp/kc. Of course if k* is taken to be kv, the aforementioned
applies to the other special case of surface absorption of part
of the incoming radiation and internal absorption of one band
where conduction is unimportant. In Eq. (48) the bracketed
terms must be less than unity for spallation to occur because
of Eq. (25) and <rt > vtuU for spallation.

For illustrative purposes, suppose TW—T0 is between
3500° K and 3800° K for a material having the properties a =
3.6 X 10~6 cm/cm °K, E = 1011 dyne/cm2, /* = 0.2, ultimate
compressive strength of 109 dyne/cm2, kc = 0.45 watt/cm °K
and the vapor pressure of graphite; the spall thickness would
be on the order of 1000 ^ to 500 ju for p/pve = 0. For the
special pure radiation case with negligible conduction but
with 102 < kv < 105 cm"1, the spall thickness estimate varies
from about 50 to a twentieth of a micron.

For the more complicated general case of internal absorp-
tion with conduction supplying the energy for sublimation
(Fig. 13), the peak stress moves inward about 80 /* for kva =
50 (where a = 0.2 cm) so that the highly stressed region is
still thin—of the order of hundreds of microns.

Of course if failure occurs in the binder of graphitic mate-
rials, the resulting particles would be essentially grain size
(~10 /mi).

Spallation by thermal stresses will affect both the surface
recession rate and the incoming radiative flux.

Summary and Conclusions

This study of the thermal stresses in an opaque spherical
shell subject to uniform radiative and convective heating of
the exterior surface included two mechanisms of energy trans-
port within the material—heat conduction and internal ab-
sorption of radiation.

Three special cases were characterized by a single tempera-
ture profile-transient heating of a nonablating material by
radiation for early time (before conduction is important),
quasi-steady state heating of an ablating surface by radiation
and convection with internal heat conduction but no internal
radiation, and quasi-steady state heating of an ablating mate-
rial by banded radiation wherein one band is absorbed in-
ternally and the remainder is absorbed at the surface. The
more general case without special limitations was examined in
detail.

Tangential stress tends to dominate. Where energy does
not penetrate deeply into the material the stress is compres-
sive and confined to a thin layer at the exposed surface. For
deep penetration, the tangential stress on the inner face of the
shell is tensile and can be significant. Failure could occur at
either the exposed surface in compression or at the inner sur-
face in tension depending on the relative compressive and
tensile strength.

Internal conduction tends to relieve the peak stresses. In-
ternal absorption of radiation tends to relieve the peak stress
if the energy for phase change is supplied at the surface by
convective heating or surface absorption; but tends to in-
crease both the peak stress and peak temperature as well as
shift them inward from the exposed surface if the energy for
the phase change is supplied by internal conduction outward
from radiation that had been absorbed in depth.

For graphite-like ablating materials exposed to monochro-
matic radiation, the peak compressive stress at the exposed
face is a strong function of incident fluxes under 30 kw/cm2,
but a very weak function of higher fluxes out to 250 kw/cm2.
Both small outer radius and internal conduction effectively

reduce the stress for the lower radiant fluxes, but are of little
influence at the very high fluxes.

It is estimated that spalled particles will be small—perhaps
grain size for graphitic materials. However, spallation can
influence the surface recession rate and perhaps the flux inci-
dent on the surface by scattering and absorbing the radiation.

Results suggest that semitransparent materials with em-
bedded reflecting sites may offer better thermal protection
than high-temperature ablation for radiative environments—
at least from thermal stress and mass removal considerations.

Appendix: Energy Transport—
Slab Approximation

Transient Solutions

The differential equation for heat conduction and the ab-
sorption of incident spectral radiation in a slab of finite thick-
ness including internal reflections is

where

PCP

l,3,5

y = x — J v(t)dt (A2)

and A is the instantaneous thickness of the slab. Equation
(Al) is the slab equivalent to Eq. (2). The solution for a
slab exposed to combined convective and constant spectral
radiative heating with the rear surface insulated and partially
reflecting and partially transmitting radiation is

T(x. A T - { q*°
'' ° ~ \pc^ X

u~1}/ a - C - i)
= l,3,5

0,2,4,6
(r,ar,,b)»l*e-nk'*(e -*>* - 1)11

Jl
X

_
kc 2

A2

X

X

, E
n = l,3,5

= 0,2,4
X

^r-/ //• i= 1 /cc L

, _

r V (r r ̂'"« / j \'va'vbJ
n = 1,3,5

0,2,4

_L e-kvx J |

x

(A3)§

for early time before ablation begins. For monochromatic
radiation the summation over v spectral bands is dropped,
and for no internal reflections, only the n = 0 term survives

§ This result corresponds loosely to Eq. (36) of Ref. 24; except
that the latter is for a semi-infinite slab without internal reflec-
tions where radiative properties are averaged over the spectrum
of the radiant source.
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2.0 r
OVERSHOOT IN TEMPERATURE
AND TANGENTIAL STRESS

200

Fig. 14 Effect of internal absorption on peak temperature
and stress; no surface absorption or convection, kc/a =»

0.216, b/a = 11, T» = 3600°K,p = 0.

Steady Ablation Solutions

Here it is assumed that the slab is semi-infinite in extent,
and internal reflections are neglected. The differential Eq!
(Al) becomes

M qv(f)kv
pcp

(A9)

which allows arbitrary spectral detail. For steady ablation,
this is transformed by use of Eq. (A2) with constant v to

dy* kc dy kc

The solution is readily found to be

T(y) - T0 = (r. - To) exp[- ̂

~ (A10)

Both pv and T^ are determined from two additional relation-
ships; an energy balance which allows convective and radi-
ative heating, and a relation between wall temperature and
vapor pressure. Equation (All) is similar to Eq. (22) of
Ref. 24 except that the present result preserves the spectral
detail.

so that

T(x,t) - TQ = f-^ - (e-*»A - 1)1 X

/ i P^P ^ P^p \ x~^ x

_ 2 _
A X

_ e-kvx\
v )A kc

The comparable result for a cold rear surface is

T(x,t) - T0 = fo. + 9r

(A4)

+ (/+

•n

- 1)V]J X

3,, A

pcp
(A5)v /

The special case of exposure to laser radiation only without
internal reflections for early time where internal conduction is
negligible is obtained by rewriting the differential Eq. (Al)

bT(x,t)/bt = [qv(t)kv/ 'pcp]e-k»* (A6)

which can be integrated to obtain

[T(x,t) - TQ]/[Tw(t) - To] = e-k>* (A7)
where

(A8)
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Asymptotic Solution for Viscous,
Absorbing, Emitting Shock Layer

MARTIN C. JISCHKE*
University of Oklahoma, Norman, Okla.

Absorbing, emitting, high Reynolds number flow in the blunt body stagnation region is stud-
ied using asymptotic expansions. In contrast to previous results for optically thin gases, the
boundary layer is here shown to be radiating and scale as Re~llz with corrections of order (In
Re)1+J'Re~1/2. Typical parameter values suggest the boundary layer to be weakly radiating.
The primary effect of radiative transfer in the inviscid portion of the shock layer on the bound-
ary-layer flow is given by the reduced value of the inviscid gas enthalpy at the wall. Numerical
calculations of skin friction and total heat transfer including both radiation-induced coupling
of the radiation and convective components and contributions of higher-order corrections
indicate reduction of the skin friction and convective heat transfer due to radiative transfer.
The results are used to determine conditions for which the radiative and convective com-
ponents of heat transfer are equal.

A
By
Bv
c
Cf
En
/
F
F
h
H
H

L
m
N
p
Pr
qR
qc

r
Re
T
u,v

Nomenclature
constants
reference area
Planck function
nondimensional Planck function
speed of light
skin-friction coefficient
nth order exponential integral function
reduced stream function
reduced stream function in boundary layer

enthalpy
boundary-layer enthalpy

0,1 for two-dimensional and axisymmetric flow, respec-
tively

shock layer thickness scale
exponent in variation of density with enthalpy

pressure
Prandtl number
radiative heat flux
convective heat flux
radius from axis of symmetry
Reynolds number
temperature
velocity components in the x and y directions, respec-

tively
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x,y = coordinates parallel to and normal to the body, respec-
tively

y* = value of y in overlap region
a = exponent in variation of temperature with enthalpy
/3 = exponent in variation of mass absorption coefficient with

temperature
7 = Euler constant, 0.577. . .
r = radiation-convection energy parameter
r = boundary-layer radiation-convection energy parameter
5i,52 = small parameters of boundary-layer expansion
ci = small parameter of inviscid layer expansion
f = boundary-layer coordinate
f] = normalized optical variable
y = boundary-layer optical variable
K = mass absorption coefficient
Hp — Planck mean mass absorption coefficient
ju = viscosity coefficient
v = frequency
x2 = pressure gradient parameter
p = density
or = Stefan-Boltzmann constant
TL = shock layer optical depth
TS = reduced shock layer optical depth
TV = optical depth at frequency v
fs = boundary-layer optical depth
(pi — boundary-layer scaling parameters
\l/ = stream function

Subscripts

v = frequency dependent
w = wall
s = shock
0,1,2 = lowest, first, second order
thin = result obtained from optically thin analysis


